This paper is concerned with designing a bang-bang control input to perform a quick rotational maneuver of a rigid spacecraft hub connected with flexible appendages. The control design is based on only the rigid body mode making it very simple to design and at the same time achieve the quickest maneuver possible. The induced vibrations are suppressed using piezoelectric transducers bonded to the appendages and connected to an electric circuit with the objective of converting the vibrational energy to electrical energy and then dissipating it using passive electric elements, such as a resistance and an inductor. The proposed control design method is applied to a spacecraft containing a rigid hub and flexible appendages. The attitude control torque is produced using either the reaction wheels contained inside the rigid hub or jet thrusters mounted outside it. The control design process starts with deriving the nonlinear partial differential equations of motion for the spacecraft using Hamilton's principle which accounts for the electromechanical coupling and the presence of resistive or resistive-inductive circuits. To simplify the analysis, the nonlinear ordinary differential equations of motion are then obtained using the assumed mode method. The effectiveness of the control design method is numerically tested on a spacecraft that is required to perform a quick attitude maneuver and, simultaneously, suppress the induced vibrations. The simulations show a quick and accurate maneuver has been achieved combined with very low levels of vibrations resulting from the reduced coupling between flexible and rigid motions as well as the damping added as a result of the passive shunt circuit. Furthermore, the resistance-inductance shunt circuit is shown to be more effective in damping the vibrations than the resistance shunt circuit.
Introduction
In recent years, there has been a considerable interest in modelling and control of flexible spacecrafts. This is due to the use of lightweight materials for the purposes of speed and fuel efficiency. Furthermore, these spacecrafts are required to maneuver as quickly as possible without significant structural vibrations during and/or after a maneuver.
Many researchers have used active control techniques to design controllers for both the attitude maneuver as well as the vibration suppression of flexible spacecrafts. Bang and Oh [1] have designed nonlinear predictive controller as well as robust output feedback for the attitude maneuver and vibration suppression of a flexible spacecraft. Their principal idea is to establish a reference trajectory and design a feedback control law which forces the system output variables to follow that trajectory. Yan and Wu [2] have achieved high-precision attitude stabilization for the flexible spacecraft in the presence of disturbances, including vibrations, by combining extended disturbance observer (EDO) with a backstepping feedback controller. The EDO observer is used to estimate the space environmental disturbances, unmodeled dynamics, and the disturbances caused by the elastic vibrations of flexible appendages. The design of an adaptive output feedback control law for the rotational maneuver and vibration suppression of a flexible spacecraft, with a model that includes unstructured uncertainties, is proposed by Singh and Zhang [3] . Okubo and Kuwamoto [4] have addressed the issue of agile attitude maneuver control of flexible spacecraft using control moment gyroscopes. The attitude maneuver as well as the induced vibration suppression is achieved using an integrated feedback/feedforward control law. The development of feedforward and feedback control strategies for active vibration suppression and attitude control of a flexible spacecraft using modified component synthesis vibration suppression (CSVS) method has been proposed by Hu et al. [5] . A robust output feedback controller to solve the attitude tracking control problem of a flexible spacecraft in the presence of disturbances is considered by Ye and Xiao [6] . Liu et al. [7] have presented an improved mixed H 2 /H ∞ control technique combined with pole assignment theory to achieve attitude stabilization and vibration suppression, simultaneously, for a flexible spacecraft. An output feedback control law based on Lyapunov stability theory to achieve both attitude as well as vibration control of a highly flexible spacecraft has been proposed by Bang et al. [8] .
Other researchers have utilized piezoelectric materials as both sensors and/or actuators in an active manner to suppress the vibrations during spacecraft attitude maneuver. One of the advantages of using piezoelectric materials in a control system is the little added mass and the relatively high control authority. Hu and Friswell [9] have developed a control system for rotational maneuver and vibration suppression of a flexible spacecraft that is based on sliding control method for attitude maneuver and voltage feedback control utilizing piezoceramics for vibration suppression. In a similar manner, Hu and Ma [10] have approached the problem of attitude control and vibration suppression using two separate control loops. The first loop applies optimal sliding mode (OSM) control for the attitude maneuver while the second loop uses positive position feedback (PPF) compensator along with piezoceramics as sensors and actuators to add damping in certain critical flexible modes to suppress the vibrations. In other articles, Hu and Ma [11, 12] have addressed the problem of attitude and vibration controls of a flexible spacecraft separately. The attitude controller is designed using variable structure output feedback control while the vibration suppression control acting on the flexible panels is achieved using piezoceramics as sensors and actuators. Song and Agrawal [13] have solved the problem of vibration reduction of flexible spacecraft during attitude maneuver by using pulse width pulse frequency (PWPF) modulator for thruster firing and smart materials as sensors and actuators employing positive position feedback (PPF) for active vibration suppression. They verified the effectiveness of both control methods experimentally.
In all the preceding articles, the researchers have employed active control techniques to achieve both the attitude control as well as the vibration suppression tasks. The disadvantage of using active control methods including piezoelectric materials as sensors and actuators is the additional hardware required. For example, piezoelectric actuators require high voltage amplifiers for their operations in addition to the control processing units.
Many researchers have also applied optimal control theory to design controllers that can be used to perform a spacecraft large angle maneuver that minimizes a specified objective function. The objective function may include the maneuver final time, maneuver energy consumption, and/ or state variables in order to achieve quick maneuver, efficient maneuver, and/or vibration suppression. Turner and Junkins [14] have solved a two-point boundary-value problem to find the solution for the optimal single-axis reorientations of flexible vehicle with minimum torque history and state variables. The time-optimal, single-axis, rest-to-rest rotational maneuver of an elastic spacecraft has been considered by Singh et al. [15] . They used a linear, elastic, undamped, nongyroscopic system model and designed a bang-bang control input having a number of control switches that depends on the number of flexible modes included in the model. Singh and Vadali [16] have presented the design of nonrobust and robust time-optimal controllers for linear flexible systems using the frequency domain. The bangbang control input is generated from the output of a timedelay filter subject to a step input. Then, the control switching and final times are calculated from a parameter optimization problem that minimizes the final maneuver time and subject to the constraints that the time-delay filter cancels all of the poles of the system.
In all of the previous articles, although the solutions resulting from the optimal control problems are exact, the calculations involved to reach such solutions are tedious and takes a lot of time to calculate.
In this paper, a flexible spacecraft is considered with the objective of performing a quick maneuver while, simultaneously, suppressing the vibrations through shunted piezoelectric transducers connected to passive elements, i.e., a resistance and an inductance. The quick maneuver is achieved by applying torque on the spacecraft rigid body created by either reaction thrusters or motor connected to reaction wheels. The torque time function is designed based on only the rigid body mode alone. The main advantage of considering the rigid body mode alone for the attitude maneuver is to execute the maneuver in the least time possible compared to that when the flexible modes are included. Furthermore, the control torque has a bang-bang (on-off) profile that can be characterized by only one switching time and a final time, where an analytical solution for the values of these times do exist in the literature [17] . The induced vibrations resulting from neglecting the flexible modes in the control design are dissipated in the shunted piezoelectric transducers which are also connected to electric circuit containing a resistor and/or an inductor. This strategy is based on the characteristic of piezoelectric materials to convert mechanical energy to electrical energy which are then transferred and dissipated partially in the electric circuit.
The rest of the paper is organized as follows: Section 2 presents the derivation of the equations of motion for a flexible spacecraft with attached piezoelectric transducers and shunt circuit in the form of nonlinear partial differential equations with natural and boundary conditions based on Hamilton's principle. These equations are then transformed to nonlinear ordinary differential equations using the assumed mode method. The system model is then transformed into first-order nonlinear time-invariant state-space format in Section 3. Two types of electric circuits are considered in this paper. They are the resonant circuit with resistance and inductance elements and resistive circuit with only resistance element. The calculations for the optimal values of the electric circuit elements, i.e., resistance and 2
International Journal of Aerospace Engineering inductance for both circuits that results in the maximum energy dissipation, are shown in Section 4. The design of the time-optimal control input torque created by either the jet thrusters or reaction wheel are laid out in Section 5 using either open-loop or closed-loop control torque inputs as well as proportional-derivative control for comparison. Section 6 presents the numerical simulations resulting from the integration of the nonlinear equations of motion for the flexible spacecraft undergoing rotational maneuver with specified command angle. This is followed by the conclusions presented in Section 7.
Mathematical Modeling
2.1. System Description and Assumptions. The spacecraft configuration model is shown in Figure 1 . It is composed of a rigid hub with two symmetric flexible panels. The hub houses the reaction wheel which is used as a maneuvering actuator that tends to rotate the spacecraft due to total angular momentum conservation. The spacecraft hub can also be rotated using on-off thrusters installed symmetrically on the surface of the hub to generate a torque used for the rotational maneuver of the spacecraft. Each panel contains 2n t piezoelectric patches bonded symmetrically on both sides of the panel and having geometric details as shown in Figures 2 and 3 . For the purpose of vibrational energy dissipation, the piezoelectric patches are connected to a resistive-inductive shunt circuit as shown in Figure 4 . Two coordinate systems are used in this study and are shown in Figures 1, 2 , and 3. The first one is the XYZ coordinate system which is a fixed reference frame in space whose origin coincides with the center of gravity of the spacecraft. The second coordinate system is the xyz coordinate system that is fixed to the spacecraft and its origin is located at the center of the left edge of the right panel.
For system modeling, the dynamics of the panels are assumed to behave as Euler-Bernoulli beams where the axial deformations and cross-section rotations are neglected. In addition, the motion considered is a pure rotation of the spacecraft about the Z axis. 3 International Journal of Aerospace Engineering the spacecraft hub as well as the transverse displacements of the spacecraft panels along with the shunt circuit. First, the equations of motion in the form of nonlinear partial differential equations are derived using Hamilton's principle. Then, these equations are transformed into a set of nonlinear ordinary differential equations using the assumed mode method along with Lagrange's equations.
The motion of the spacecraft system is illustrated in Figure 5 , where θ t and w x, t represent the hub rotation, in rad, and the transverse displacement of the panels, in m, respectively. The kinetic energy of the spacecraft system can be described as
where
is the kinetic energy of the spacecraft hub, in Joule, θ t is the absolute angular velocity of the spacecraft body, in rad/s, and J s is its mass moment of inertia, in kg·m 2 , and
is the kinetic energy of the reaction wheel, in Joule, φ t is the angular velocity of the reaction wheel relative to the spacecraft body, and J r is its mass moment of inertia, in kg·m 2 , and
is the kinetic energy of each panel, in Joule, L p is its length, in m, ρ p is the mass density of the panel material, in kg/m, and v p is the absolute velocity of an arbitrary point p on the panel, in m/s, whose magnitude is given by
is the kinetic energy of the piezoelectric transducers, in Joule, ρ i t is the mass density of the i-th piezo patch material, in kg/m, n t is the total number of piezoelectric patches on each panel, n p is the number of panels, and n s is equal to one if the patches are installed on only one side of each panel or is equal to two if the patches are installed on both sides, and
where H is the Heaviside function for mathematically accounting for the start (x i s ) and end (x i e ) location of the i-th patch on the x-axis.
The potential energy of the spacecraft system is given by
where The electrical displacement in each piezoelectric transducer can be given by
where q i is the electric charge, in C, generated in the i-th piezoelectric transducer patch. The work done by the external mechanical and electrical actions can be expressed by
where f x, t is the distributed force applied on the panel, in N/m, τ θ is the torque applied to the spacecraft body by thrusters, in N·m, τ φ is the torque applied to the reaction wheel by motor, in N·m, and V is the voltage applied to the piezoelectric transducers, in volt.
The nonlinear equations of motion along with the natural and geometric boundary conditions can be derived using the Hamilton's principle, given by
where t 1 and t 2 are the starting and end times of the integral and δ is the variational operator, to give
The voltage V t , in Eq. (17), can also be viewed as the voltage drop across the resistor and inductor elements, as shown in Figure 4 , and is given by 
The first term, in Eq. (17), represents the voltage generated by each piezoelectric patch due to the curvature of the deformed panel, whereas the second term represents the voltage produced by the charge buildup due to the inherent capacitance of the piezoelectric material. V t represents the shunt voltage and is defined in Eq. (18) .
The natural and geometric boundary conditions are also derived from Hamilton's principle and given by
The equations of motion, Eqs. (14)- (17), can be transformed to ordinary differential equations using the assumed mode method, by discretizing the flexural motion of the panel using the approximation
where r t ∈ ℝ n×1 is the vector of generalized coordinates and ϕ x ∈ ℝ 1×n is the vector containing the admissible functions, given by [19, 20] ,
where i = 1, … , n, and
where the frequency parameters α i L p associated with the above family of admissible functions are computed using
and are given in Table 1 . Substituting Eq. (23) into the equations of motions, Eqs. (14)- (17), results into the following discretized nonlinear ordinary differential equations for the spacecraft system.
where () T denotes the transpose of (), and the coefficients are given by 
and 1 is an n t × 1 vector of ones, and
Modelling in State Space
Most control design methods and simulations require the system model to be represented in state-space form. Consequently, the second-order equations, Eqs. (27)-(30), are transformed to state-space form given by
where the definitions of each term are given in Appendix A.
Shunt Circuit Tuning
In this study, several piezoelectric patches are connected in parallel to a single shunt circuit, as shown in Figure 4 . Two types of circuits are considered, resistive-inductive circuit (R-L) and resistive circuit (R). The optimal values of inductance (L opt ) and resistance (R opt ) for both circuits that result in the maximum energy dissipation, thereby, achieving maximum vibration suppression is calculated next.
It is assumed that all the piezoelectric patches have the same dimensions and material properties. The optimal tuning values for R and L are calculated using the tuning procedures proposed by Hagood and von Flotow [21] .
Resonant Circuit Tuning.
It is assumed that the elastic behavior of the panels is linear with respect to the reference frame fixed to the spacecraft body. The optimum values of the resistance (R opt ) and the inductance (L opt ) for resonant shunt circuits are computed as follows [21] :
, 35
where K is called the piezoelectric coupling coefficient, bounded between 0 and 1, that quantifies the electromechanical energy conversion, and ω sc i and ω oc i , i = 1, 2, … , n are the i-th short-circuit (E = 0) and the i-th open-circuit (D = 0) natural frequencies of the system, respectively. These frequencies can be estimated by solving the eigenvalue problem associated with the linearized equations of motion.
It should be noted that the piezoelectric patches are assumed to behave as capacitors connected in parallel as shown in Figure 4 . Therefore, the equivalent capacitance, C T eq , with stress T = 0, in (35) and (36), is defined by [20] . The capacitance matrix (C T ) can be obtained by considering n p n s V, in (40), as the total voltage, and therefore, is given by
Finally, the equivalent capacitance is the summation of the diagonal terms of the capacitance matrix, C T , given by
after neglecting the small electromechanical coupling between the different transducers represented by the offdiagonal terms.
Resistive Circuit
Tuning. In this case, the circuit contains only a resistance connected in parallel with the piezoelectric transducers to dissipate the vibrational energy of the spacecraft panels. The optimal value of the resistance that results in the maximum energy dissipation is calculated using [21] ,
where d 31 is the piezoelectric strain coefficient, in m/V, c E 11
is the mechanical elastic stiffness with zero electric field, in N/m 2 , and ε T 33 is the dielectric permittivity under zero stress condition, in F/m. The values of these parameters can be calculated using the previously defined piezoelectric parameters or can be obtained from manufacturers' data sheets.
Time-Optimal Control Design
5.1. Open-Loop Control Design. In this section, we would like to design the torque inputs, τ θ and τ φ , assuming to have a bang-bang form (on-off) with the objective of performing a quick, rest-to-rest, rotational maneuver with a predefined desired angle. The control design is based on the rigid body mode of the spacecraft alone so that the minimum time is achieved for the maneuver.
Consequently, the maneuver will experience excessive vibrations due to neglecting the flexible modes in the control design. The induced vibrations are suppressed by dissipating the vibrational energy using the tuned shunt circuits discussed earlier.
The time-optimal control design is based on the linear model formed by neglecting the nonlinear terms in Eqs.
(27)-(30) and by setting the inputs, f x, t and V t , to zeros. Furthermore, Eq. (30) can be used to eliminate q t from Eq. (27).
5.1.1. Control Input τ θ τ φ = 0 . In this case, the maneuver is performed using the control input torque, τ θ t , applied through thrusters located on the spacecraft body. The linear, second-order model can be written as
where M, K, D ′ , ξ, and u are the mass matrix, stiffness matrix, influence matrix, state vector, and input, respectively, which are given by
Furthermore, it can be easily shown that the angular displacement relative to the spacecraft body is given by
Following the same procedure as in Section 5.1.1, it can be easily shown that the second-order model, for this case, is the same as that for Section 5.1.1 except the torque input applied to the spacecraft body, τ θ , is replaced by −τ φ . Consequently, if the time-optimal torque applied to the spacecraft body, τ θ t , is calculated based on Section 5.1.1, then the timeoptimal torque applied to the reaction wheel, τ φ t , in Section 5.1.2 is equal to τ θ multiplied by −1. Furthermore, the reaction wheel angular displacement, φ t , can be calculated from
The time-optimal control design is intended to perform a rest-to-rest rotational maneuver leading the spacecraft to rotate from an initial angular position to a final angular position with minimum time. Therefore, the initial and final conditions for the state vector, ξ t , in Eq. (44), is given by
where t f is the maneuver final time, in seconds. From optimal control theory, it is known that the control input structure is of the bang-bang type, which can be characterized by its switching times. Many researchers (see, e.g., reference [16] ) have utilized this characteristic to develop numerical techniques that can transfer the time-optimal control problem into parameter optimization problem in terms of the control switching times. They have also noted that as the number of flexible modes in the model increases, the number of control switching times also increases, thereby, making the optimal control problem more difficult, or even impossible, to solve, especially, when the number of modes becomes quite large. On the contrary, the problem becomes very simple when only the rigid-body mode is considered for the control design. In this case, the control input structure is a bang-bang control input that can be characterized by only one switching time t s and a final time t f as shown in Figure 6 .
It is assumed that the thrusters can supply a torque input with maximum and minimum magnitudes equal to τ θ max and τ θ min , respectively. Similarly, the electric motor for the reaction wheel can provide a torque input with maximum and minimum values equal to τ φ max and τ φ min , respectively.
To calculate the switching and final times [17] , the following coordinate transformation is applied to the linear model, Eq. (44),
where ϱ t is an (n + 1) × 1 vector of modal coordinate and Y is an (n + 1) × (n + 1) matrix with columns consisting of orthonormal eigenvectors for the system in Eq. (44). Applying the transformation to the system in Eq. (44) results in decoupling the equations of motion as
where ϱ 0 is the rigid-body coordinate, ϱ i is the i-th modal coordinate, and ω i is the i-th frequency. The scalars a 0 , a 1 , … , a n are extracted from the matrix Y T D ′ given by
The initial and final conditions, ξ 0 and ξ t f , can also be transformed to the modal coordinates using
Analytical solutions for the control switching time t s and final time t f do exist in the literature (see, e.g., reference [17] ) and are given by
Necessary and Sufficient Conditions for Optimality.
In this section, the necessary and sufficient conditions [22] for the time-optimal control design in the previous sections are laid out. Consider a system, in state-space form, with only the rigid body mode given by
where x t is 2 × 1 state vector, and A and B are the state matrix and input vector, respectively, given by
and ϕ is a constant. The time-optimal control problem is to determine the control input, u (t), that minimizes the performance index
subject to the state equations, Eq. (56), boundary conditions, Eq. (58), and control constraints, Eq. (59). Using Pontryagin's minimum principle to characterize the time-optimal solution, we define the Hamiltonian as
Where the 2 × 1 vector λ is the costate vector. For a rest-to-rest maneuver, the necessary and sufficient conditions for optimal solution are to satisfy the state equations and boundary conditions, Eqs. (56) and (58), and
where sgn is the signum function, defined by sgn S = +1 if S is positive,
−1 if S is negative 63
Equation (62) applied to the rigid body results in
Since the system, in Eq. (56), is undamped having one degree of freedom, the time-optimal control solution for a rest-to-rest maneuver has, in most cases, only one switch (t s ), and the solution is symmetric about that switch [22] .
Closed-Loop Control Design.
In the previous section, the designed time-optimal control torque is calculated based on the switching times and, therefore, it is an open-loop type of control. In this section, a feedback time-optimal control input τ θ is designed. The control input torque, in this case, is a function of the system states, thereby, requiring sensors to be added to the satellite system. The added cost is for the benefit of added control accuracy and improved control system performance against disturbances and parameter variations. It is assumed that all the states required for feedback are available to the control system.
Similar to the open-loop case, the closed-loop control torque design is based on only the rigid body equation in the modal coordinates, represented by Eq. (51), which can be written in state space as
where y 1 = ϱ 0 and y 2 = ϱ 0 . The time-optimal feedback control torque τ θ , in the bang-bang form, can be synthesized using the signum function, given by [23] 
where Ξ y 1 , y 2 is the switching function for the torque input τ θ , given by The application of the above procedure on a real system is performed by calculating the states y 1 and y 2 based on measurements of the physical coordinates using
And y 1 and y 2 are the last elements of the (n + 1) × 1 vectors ϱ and ϱ, respectively.
In the numerical simulation, the switching function and the control torque τ θ is calculated by integrating the state equations, Eq. (44) and then calculating the states y 1 and y 2 to construct the switching function, Eq. (67), in order to compute the control torque τ θ . Finally, the computed input torque τ θ is applied to the nonlinear equations of motion, Eqs. (27)-(30).
It is noted that the previous feedback time-optimal control design which is based on the rigid-body mode in the modal coordinates requires all the states of the system to be available. In practice, this is achieved using either sensors or by estimating the states using state observer. To overcome this obstacle, we will attempt to use the rigid-body mode, in the physical coordinates, in the feedback time-optimal control design. This is due to the fact it is much easier to measure 10 International Journal of Aerospace Engineering the angular velocity and angular displacement of a spacecraft rather than the whole states of the system. Considering the last equation in Eq. (44) that involves the hub rotation and neglecting all the terms involving the generalized coordinates resulting from the flexibility effect of the panels, the rigid body effect can be given by
where θ is the angular rotation of the satellite body, in degrees. The open-loop time-optimal control torque, τ θ , is bang-bang having a switch and final times calculated using Eqs. (54) and (55). The closed-loop time-optimal control torque can be designed using Eq. (66), in which the states that are needed for feedback are only the angular rotation and the angular velocity of the spacecraft.
To show the effectiveness of the proposed design method, the closed-loop time-optimal control design is compared with the widely used proportional-derivative (PD) controller. This is done by applying a torque to the reaction wheel given by a proportional and derivative feedback control law, based on the following equation:
where K p and K d are the proportional and derivative gains in (N·m/rad) and (N·m·s/rad), respectively.
Numerical Simulations
The objective of this section is to perform numerical simulations for the spacecraft maneuver using the procedures outlined in the previous sections. The parameter values for the components of the spacecraft are given in Table 2 .
In the simulation, two panels are assumed to be connected to the spacecraft body, and a grid of identical piezoelectric transducers is attached to each panel. It constitutes of four patches along the panel width (z-direction) and twenty-three patches along its length (x-direction). The dimensions of each piezoelectric patch is assumed to be 0.05 m × 0.05 m × 0.001 m. Therefore, there is no gap between adjacent patches along the panel width and 0.01 m gap between adjacent patches along the panel length.
The designed time-optimal control input is intended to perform a rest-to-rest maneuver and rotate the spacecraft from an arbitrary initial angular position (θ 0 = 0°) to a desired final position (θ t f = 30°) using either the spacecraft body torque, τ θ , or the reaction wheel torque, τ φ , with minimum time.
The MATLAB® function ode23t is used to numerically integrate the nonlinear equations of motion, Eq. (34), using trapezoidal rule. In this function, the absolute and relative tolerances are set to 10 −6 . The number of admissible functions that are used in the simulations is equal to ten.
Calculations of the optimal values of the shunt circuit elements, R opt and L opt , require the estimate of the openand short-circuit natural frequencies of the system. This can be done by solving the eigenvalue problem associated with the linearized model of the spacecraft system. The linear model can be obtained by neglecting the nonlinear terms in Eqs. are calculated using the same eigenvalue problem as that for the short-circuit in addition to setting the charge vector q t to zero.
The calculated lowest ten open-and short-circuit natural frequencies, excluding the zero frequency for the rigid-body mode, are shown in Table 3 . The optimal values of the resistance R opt and the inductance L opt for both the resonant as well as the resistive shunt circuits are calculated using Eqs. (35), (36), and (43) with their calculated values shown in Table 4 . Furthermore, these circuits are tuned to target the first vibrational mode because it is assumed to contribute the most in the system response.
To demonstrate the effect of the tuned shunt circuits on the spacecraft response, numerical simulations for three cases: resonant shunt circuit, resistive shunt circuit, and no transducers are shown. The desired maneuver is a rest-torest rotational maneuver of 30°assuming a maximum available torque of 100 N·m from either the spacecraft thruster or the reaction wheel motor. The resulting timeoptimal control switching and final times for the thruster torque τ θ are calculated using Eqs. (54) and (55) to give 2.0897 sec and 4.1795 sec, respectively. Therefore, the total maneuver time is 4.1795 sec, which is the least maneuver time possible corresponding to the specified spacecraft parameters and the maximum torque available. If the reaction wheel motor torque τ φ is used instead of the thruster torque τ θ , then the same maneuver can be achieved with the same switching and final times by only reversing the torque direction (i.e., applying negative torque i e , − τ φ max from times 0 to t s and positive torque i e , + τ φ max from times t s to t f ). The necessary and sufficient conditions of optimality, outlined in Section 5.2, are utilized to verify the optimality of the resulting control input for the rigid-body mode. Using the system parameters in Table 2 along with the value of the target maneuver, one can easily calculate the values of ϕ = 0 0346266 and x 1 f = 15 12128 in Eqs. (57) and (58). Equations (56), (57), (58), and (64) can be used to solve for the time-optimal control input, states, and costates. The resulting time-optimal states for the rigid body mode are shown in Figure 7 , whereas the timeoptimal control input, normalized by u max , and the costate variables are shown in Figure 8 . As seen in Figure 8 , the switching function, represented by the costate (λ 2 (t)) vanishes only at the control input switching time (t s = 2.08972 sec) which proves that the control input and costates satisfy all the necessary and sufficient conditions of optimality, Eq. (64), and are, therefore, optimal. The next step is to apply the time-optimal control torque for the rigid-body mode to whole spacecraft represented by Eq. (34).
The resulting spacecraft orientation angle time histories, θ t , for the aforementioned three cases are shown in Figure 9 . It can be noted that the influence of the panel vibrations on the spacecraft attitude leading to sustained oscillations can be eliminated completely by using the resonant shunt circuit and partially by using the resistive shunt circuit. The degree of effectiveness of both shunt circuits can be seen by the zoomed portion of the attitude response shown in Figure 10 showing superior vibration suppression by the resonant shunt compared to resistive shunt. Similarly, Figure 11 depicts the time histories for the spacecraft angular velocity, in rpm, for the three cases. The effectiveness of the passive piezoelectric shunts can also be seen in the simulation of the transient as well as the steady-state responses of the panel tip transverse vibrations, shown in Figure 12 . Both shunt circuits are able to dissipate the vibrational energy significantly by adding damping to the system compared with the case when no transducers are used. Moreover, the resonant (R-L) circuit provides more effective vibration control than its resistive (R) circuit counterpart as indicated by the faster vibrational amplitude decay. Similar conclusions can be drawn by observing the frequency response of the panel tip vibrations, calculated by performing DFT transform of the 12 International Journal of Aerospace Engineering time response, shown in Figure 13 and with its zoomed portion in Figure 14 , demonstrating the effectiveness of the shunt circuits on the system dynamic response. As to the electric behavior of the electromechanical system, the total electric charges, generated by the piezoelectric patches, during the spacecraft maneuver is shown in Figure 15 . It can be seen that the total charges generated by the resonant shunt circuit is more than that generated by the resistive counterpart indicating more vibrational energy dissipation and, thereby, achieving more accurate spacecraft maneuver.
As mentioned earlier, the spacecraft maneuver can also be performed by applying torque τ φ to the reaction wheel through its motor. This torque has the same form as the spacecraft body torque τ θ but with control values having opposite sign. The resulting spacecraft orientation angle, θ t , is exactly the same as that shown in Figure 9 . Moreover, the reaction wheel angular displacement relative to the spacecraft body, φ t , and its time rate are shown in Figures 16 and 17 , respectively. Finally, Figure 18 displays the zoomed part of Figure 17 to show the effectiveness of both shunt circuits on the reaction wheel angular velocity. 
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In the feedback time-optimal control torque design simulation based on the rigid-body mode in the modal coordinate, discussed in Section 5.3, only the resonant case is shown. The switching function, Eq. (67), and the resulting control torque, τ θ , Eq. (66), are shown in Figure 19 , whereas the spacecraft orientation angle, θ t , is shown in Figure 20 .
It can be seen that the feedback time-optimal thruster control design using resonant shunt circuit is able to dissipate the vibrational energy resulting from neglecting the flexible modes to achieve accurate rotational maneuver. Furthermore, the thruster switching and final times are 2.0897 sec and 4.1795 sec, respectively, which are the same as the ones calculated in the open-loop case.
In the feedback time-optimal control torque design based on the rigid-body mode in the physical coordinates, Eq. (69), the coefficient multiplying the control torque, τ θ , is equal to 0.0012. The switching and final times for a 30 o maneuver calculated using Eqs. (54) and (55) are 2.0897 sec and 4.1795 sec, respectively, which are exactly the same values obtained using the rigid-body mode in the modal coordinates. Furthermore, the resulting rigid-body mode solution satisfies all the necessary and sufficient conditions of optimality. Therefore, the rigid-body model in Eq. (69) can be used in both the open-loop and the closed-loop time-optimal control design. To show the effectiveness of the proposed timeoptimal closed-loop control design method, it is compared with PD controller, with a control law given in Eq. (70). The challenge in this comparison is that the PD control design depends on the selection of the values of the proportional and derivative gains, K p and K d , respectively. Based on some trial and error procedure, two cases of PD control design are compared with the proposed closed-loop timeoptimal control design method. The values of K p and K d for the first case are 190 and 500, respectively, whereas they are 50 and 350, respectively, for the second case. The value of K p in the first case results in an initial control torque equals to that for the time-optimal control torque (i.e., 100 N·m) so that a fair comparison is made with regard to the final maneuver time. The values of the second PD controller case results in a low level of vibrations in the transient response. Using the spacecraft parameter values shown in Table 2 and the tuned parameters for the resonant and resistive shunt circuits shown in Table 4 , the response of the nonlinear system in Eq. (34) is calculated and displayed in Figures 21, 22 , and 23. The spacecraft angular displacement resulting from the application of the time-optimal control torque as well as the two PD control torques are shown in Figure 21 . It is 14 International Journal of Aerospace Engineering seen that the final steady state is reached by the time-optimal control response faster by 245% and 375% compared with that for the first case and second case PD responses, respectively. The time-optimal and PD control torques are shown in Figure 22 . It can be noticed that the two PD control torques are applied for a longer time than that for the timeoptimal control torque. The total generated piezoelectric charge resulting from the application of the time-optimal control and the two PD controls are shown in Figure 23 . The time-optimal control response experiences more generated charge and, thereby, more vibration suppression compared with that for the two PD control responses. 
Conclusion
The mathematical modeling, in the form of nonlinear partial differential equations, for a spacecraft consisting of a rigid body connected with flexible panels with bonded piezoelectric transducer patches is developed. The transducers are connected to either resonant or resistive shunt circuits to add damping to the system to suppress the flexible panel vibrations during and after a maneuver. The model is then transformed to nonlinear ordinary differential equations using the assumed mode method. This model is then used to design a time-optimal control torque to perform a fast, rest-to-rest, rotational maneuver using either the rigid body thrusters or the reaction wheel motor. The control design is based on only the rigid body mode to achieve the fastest maneuver possible. In addition, the resulting control structure is bang-bang with only one switching time. The induced vibrations resulting from neglecting the flexible modes of the panels are suppressed using piezoelectric transducers along with the shunt circuit. Two types of shunt circuits, namely, the resonant (R-L in series) and the resistive (R) circuits, are used in this study. The values of the parameters used in the shunt circuits, namely, resistance (R) and inductance (L), are tuned so that maximum vibration suppression is achieved. Numerical simulations show the ability of the resonant circuit to eliminate the system vibrations completely while the resistive counterpart reduces the vibrational amplitudes significantly when compared with the case when no transducers are used. Furthermore, the passive shunt circuits do not require energy for its operation and, therefore, has the advantage over any active vibration control method. However, the resonant shunt circuit may require large values for the inductance, especially when targeting low-frequency modes. Many researchers have proposed solutions to circumvent this problem such as by using synthetic inductors [24] . Finally, a feedback time-optimal thruster torque is synthesized using the rigid body mode in both modal and physical coordinates. This form of control input provides better accuracy as well as system performance over its open-loop counterpart. The resulting switching times, control torque, and satellite orientation angle are very similar to their open-loop counterpart. The numerical simulations show the effectiveness of the time-optimal feedback control design compared with that resulting from the proportional and derivative feedback control design. 
